FREEZING OF A LIQUID AT A FLAT WALL

A, M. Makarov, V. V. Leonov, UDC 536 .421 .4
V. I. Dubovik, and G. N. Shvedova

The single-phase Stefan problem is considered with boundary conditions of the second and of
the third kind, An iteration scheme is developed for solving the nonlinear integrodifferential
equation,

An analysis of the freezing-process dynamics in the case of a warm liquid at a cold solid wall reduces
to a problem in which the boundary for the equation of heat conduction is unknown (the Stefan problem). An
analytical solution of the Stefan problem in a sufficiently general form involves vast difficulties of a mathe-
matical nature, Several approaches to the solution of this problem are known: a reduction of the Stefan
problem to various functional systems of equations [1, 2, 3, 4], a solution in series in "instantaneous" or
in "local" eigenfunctions of the problem [5, 6, 9], and the method of integral transformations [7]. None of
these methods is very useful for obtaining specific results within a finite interval of the time variable,

The problem of a warm liquid freezing at an isothermal cold wall (boundary condition of the first kind)
has been solved in [8] by the method of successive approximations, In this article we will use the iteration
method for solving the Stefan problem with boundary conditions of the second and the third kind., Let a li-
quid filling the half-space x > 0 be maintained at a constant temperature Te higher than the phase transition
temperature Ty, Beginning at time t= 0, a certain temperature field is maintained on an infinitely large
plate at x = 0, On plane x =  there forms ice of density p and latent heat of fusion I.. The thickness of the
frozen layer x = §(t) and the temperature distribution T(x, t) are the unknown functions here, With these
assumptions, then, we have the single-phase Stefan problem:
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pc—a—zzk T in D, 1)
0t ox®
£ 9L =F[t, T(O, 1], t>0, 2)
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Tty = Ty == const, 3
P = h,(T,—T,) +pL B 5o, 4)
0x Jy—s(p - dt
8(0) = 0. (5)

Here F[t, T(0, t)] is a certain function of the given arguments and D = {x, t; 0 < X < 6(t), 0 < t < {5 < oo} is
the open-ended region where a solution is to be obtained, The second condition (4) at the unknown boundary
makes allowance for the effect of convective heat transfer between warm liquid and layer of ice on the freez-
ing rate,

1. Freezing of a Liquid at a Flat Wall from Which a

Certain Heat Flux is Extracted

In this case function F[t, T(0, t)] becomes
Ft, T(0, #)] = g, = const, 1.1)

where gy is the heat flux extracted from plane x = 0.
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TABLE 1. Results of the First, the Second, and the Third Ap-
proximation for Function 7 = 7(4)

0,3 0,4 ‘ 0,5 0.6 0.7 0,8 6,9

T a=0,03 |0,1011|0,2026| 0,3043 0,4054 | 0,5088 | 0,6114|0,714410,817610,9213
Ty B=0,01 0,1011]0,2026/ 0,3043| 0,4064 , 0,5088 | 0,6114 | 0,7144 | 0,8176 | 0,9211
T 0,1011{ 06,2026/ 0,3043 0,4064 {G,5087 1 0,6114 00,7143 0,8176 0,9211

T a=0,6 0,1040 0,2141] 0,3303; 0,4525 | 0,5808 0,715 | 0,8555 | 1,0020 | 1,1545
T, 1 p=0,01 10,1039 0,2132(0,3275]0,4460 | 0,5692|0,6961 { 0,8265 | 0,9605 | 1,0077

T3 0,1019 0,2103/ 0,325110,4459 | 0,5726 | 0,7084 | 0,8422 | 0,9845 | 1, 1312

T a=0,6 0,250310,5015.0,7533| 1,0060 | 1,2593 | 1,5135 1,7683 | 2,0240 2,2803
T, B=0,6 0,2503{ 0,5015! 0,7533| 1,0059 | 1,2593 | 1,5134'| 1,7682 [ 2,0238 | 2, 2801
Ty 0,2503/0,5014{0,7532; 1,00581,2592/1,513211,7681 | 2,0236 | 2,2800

The solution to problem (1)-(5) with condition (1.1) will now be

oT |  far
I — 2 o
x=0+ P ‘Sv ot
0

ox 0x

With conditions (2) and (1.1) we have

x
ar © T
h— = w -} —dx. 1-2) )
“ox o pcj ot (
0
Writing Eq. (1.2) for x = 6(t) and taking into account condition (4), we will obtain after a few simple
transformations: 5

B go—hT=T) , c s T (1.3)
dt oL L) ot

0

We then integrate Eq. (1.2) over the variable x from x to §(f) and, together with condition (3), this

yields

8 «x

. or
T=1,— ey £ Yyﬁdxdx. (L.4)
i 0

We note that 8 /8t = 8/86 -ds/dt, where d5/dt is independent of the space variable,
In this case Eq. (1.3) yields

4 — [ _he (Te;_Tf) g (1,5)
dt . '
oL (1 L g_tdx}
L a8
o

Taking into account (1,5), we can write Eq. (1.4) as

e . (T"[;TT’)] S ‘S o d. (L.6)
BL{1— S\ = dx
( L J E )

The right-hand side of Eq. (1.5) is a function of 6 and does not explicitly depend on t, which, together

o

with condition (5), allows us to rewrite the expression for t = £(0) as

8 6
_ pL ls—2_ L‘dex], (1.7
4o —h,(T,—T) [ 3 ‘55 a " @7

A solution to the integrodifferential equation (1.6) can be obtained by the method of successive approx-

imatiohs, whereupon expression (1.7) will yield the time during which an ice layer of thickness § freezes
at the infinitely large plate x = 0.

1192



Further calculations will be more convenienily performed with dimensionless guantities, Let

o IT=Ts. , kTe=Td, ,_ 5, _*,
T,—T; Tw x ‘

eo i g oTe=T) g RTe—T)
sz L Qs

Equations (1.6) and (1.7) become now (1.8) and (1.9) respectively:
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“S an
0
1 e 00
T= ——|A—a ——dgdA). (1.9
ylo—ef [ B an >
As the zeroth approximation we take
0, =§—A4, (1.10)
A
Ty = TB, (1.11)

which corresponds to ice with an infinitesimal specific heat. Inserting (1.10) into the right-hand side of
Egs. (1.8) and (1.9), we obtain

a(l—B)(@A* —8g)

8, =E—A ,
1 =§ + 2(1 +od) ‘ (1.12)
A al
Ty = 4+ =1 (1.13
: 1~ﬁ( + 2) )
Continuing the iteration process, we will obtain after the second approximation:
4 2
—E—Ata(l—p A AR AR (1.14)
1 + ad,
S SRS P |
PTIpLU T 2 ) 3(1 +ad)’ {1.15)
where ’
3
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S N T
A2+ ad)
A=A —a(l —f) ——T 2
2 a( 8) 4(1 + ob)

A@+aet) (1B
41+ ar)e Tt 241+ aAR

Since the expression for ¢, is rather unwieldy, we will show only the expression for 7;:

Ay=—— +all—B)-
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L e
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x® , Xx® . , of . x° X3
— A A2x2+Alx als (A*—B— +A3_?3_"+A2x2 4 Alx)
: : dx,{1.16)

A 5 3
- 1 — —
xFal—h 1 + a4, (1 + ady)?

where At = dA /dx.

The convergence of the iteration process is easily established by an analysis of the results in Table
1, where the numerical values for the first, the second, and the third approximation are given. The nu-
merical solutions to the problem for several specific values of the governing parameters are given in Table
2. '
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TABLE 2. Freezing Time for an Ice Layer of Thickness A (qy
= const)

A

0,1 0,2 0,3° 0,4 0,5 0,6 0,7 0,8 0,9

et

0,1012 {0,2029 | 0,3052| 0,4079| 0,5112| 0,6149] 0,7191| 0,8239| 0,9201
0,1113 |0,2232 } 0,3357] 0,4487| 0,5623 | 0,6764| 0,7911 | 0,9063| 1,0220
0,1252 {0,2511 | 0,37771 0,5048 | 0,6326] 0,7610) 0,8900| 1,0196] 1,1498
0,1431 10,2870 | 0,4316] 0,5769( 0,7230} 0,8697| 1,0171| 1,1653| 1,3141
0,1670 10,3349 | 0,5036| 0,6731 | 0,8435| 1,0147| 1,1867( 1,3595| 1,4462
0,2004 |0,4018 | 0,6043 | 0,8077| 1,0122| 1,2176| 1,4240] 1,6314| 1,8398
0,2499 10,5023 | 0,7554 | 1,0099] 1,2652] !, 15220 1,780t 2 0393 | 2,2998

0,1018 {0,2058 | 0,3117| 0,4196 0,5294 | 0,64121 0,7548| 0,8704 | 0,9875
0,1120 10,2263 | 0,3429 0,4616} 0,5824| 0,7054| 0,8304| 0,9545| 1,0865
0,1261 {0,2547 ; 0,3857| 0,5193| 0,6553| 0,7936| 0,9343| 1,0773 | 1,2226
0,1441 |0,2911 | 0,4409 0,5935| 0,7489| 0,9071] 1,0680 1,2315| 1,3976
0,168! [0,3306 | 0,5144| 0,6925 0,8738| 1,0584 | 1,2461 1,4370 1,6309
0,2017 |0,4075 | 0,6173| 0,8310| 1,0487( 1,2702} 1,4956 | 1,7247 | 1,9576
0,2522 10,5094 | 0,7716| 1,0388| 1,3109| 1, 15879 1,8697{ 2,1563 | 2,4476

0,1019 |0,2103 | 0,3251 | 0,4459| 0,5726| 0,7048 | 0,8422| 0,9844 | 1,1312
0,1125.10,2321 | 0,3585| 0,4916| 0,6311 | 0,7767 | 0,9281 | 1,0849| 1,2470
0,1270 | 0,2618 | 0,4043| 0,5543] 0,71131] 0,8754| 1,0460 | 1,2230 | .1,4059
0,1455 10,3000 | 0,4630| 0,6346 | 0,8143( 1,0020 | 1,1974] 1,4002| 1,6101
0,1702 10,3507 | 0,5411| 0,7415]| 0,9514 | 1,1707 | 1,3991 | 1,6363| 1,8822
0,2046 (0,4215 | 0,6503 | 0,8909; 1,1431 | 1,4066} 1,6812 1,9667 2,2621
0,2562 10,6275 | 0,81371 1,11471 1,4303] 1,7601] 2,1041} 2,4619] 2,8334
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2, Freezing of a Liquid at a Convectively Cooled

Flat Wall

Beginning at time t= 0, let the infinitely large plate x = 0 be sprayed with a coolant the temperature
of which, T < Ty, is constant. The coefficient of heat transfer hy between the cooled wall and the heat
carrier will also be agsumed constant, and the thermal resistance of the plate will be considered negligibly
low. Function F[t, T(0, t)] then becomes

F[t, T© 8)] =h, [T O, ) —T). : ’ 2.1)

The procedure for solving problem (1)-(5) with condition (2.1) is in many aspects analogous to the procedure
followed in the preceding case and, therefore, we will omit here the intermediate steps and will show the
respective final integrodifferential equation of the temperature distribution in a frozen layer as well as the
expression for the time after which an ice layer has attained a specified thickness:

A
P
1+——§-¢H d&+——”5d§d§]
13 A)=v[1+9‘;~”§]+<a—v)<1—zs)‘ . ST ' 2.2)
~ “‘””A—cpH Al i § Ymdgdz}
¥ . ¥ 0
" o " e
e e
L (1] 0% 23
T e 3 daA, (2.3)
b
where
T—T,. ___h _x
e:Te—T,’ T pckt ¢ 8,
583_’2..(_’1&.9_:5__1), A= 6;
ho\h, T,—T, 5.
,__‘Tf"—To. _ he. :c(Te_Tf)
“=r=r, "V, ¥ L

In order to obtain the zeroth approximation, we set 8¢ /dA = 0, corresponding to ice with almost
zero specific heat, We then have
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The first approximation yields:

1+2=Y s qyo (@, §
0, =7+ @—7E+(@—p(1—4)
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Since the expression for §, is very unwieldy, we will show only the expression for 7,:
A — J—
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1 v v
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dA,
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F1g 1. Thickness of a frozen ice layeras a
function of time (o = 10, vy = 1.5, ¢ = 0.4):
0) 8y(T); 1) A(T); 2) &g(T).

Calculated values of 7y, 7y, and 7y are shown in Fig. 1 for the case where o =10, y = 1.5; ¢ = 0.4,
It is evident here that between the second and the first approximation the maximum relative discrepancy in
the results at 7 = 15 is half as large as that between the first and the zeroth approximation. Values of 7,
as a function of A are given in Table 3 for several specific values of the governing parameters.
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NOTATION

is the temperature distribution;

is the space coordinate;

is the time;

is the thickness of the frozen layer;

is the temperature of liquid;

is the temperature of phase transition;

is the temperature of coolant;

is the density of ice;

is the specific heat of ice;

is the thermal conductivity of ice;

is the latent heat of fusion;

is the heat flux extracted from the wall;

is the coefficient of heat transfer between wall and coolant;
is the coefficient of heat transfer between the liquid and the phase-transition surface;
is the region of the phase plane analyzed in the problem;

is the maximum thickness of the frozen layer;

is the characteristic linear dimension of the problem;

is the dimensionless temperature distribution;

is the dimensionless space coordinate;

is the dimensionless time coordinate;

is the dimensionless thickness of the frozen layer;

are dimensionless parameters of the problem;

are dimensionless temperature distributions;

are the dimensionless times after the respective approximation,
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